In this paper, we prove the energy stable property for time-dependent (generalized) Schrödinger operators by using Hardy inequality. Such property acts very important roles in quantum scattering theory and nonlinear problem. As an application, we prove Sobolev type inequality.
Introduction
We consider the (generalized) Schrödinger equations with time-dependent potential;
i∂ t φ(t, x) = ((−∆) θ /(2m) + V (t))φ(t, x), φ(s, x) = φ(s) ∈ H 1 (R n ), where θ ≥ 1/2, x = (x 1 , x 2 , ..., x n ) ∈ R n , ∆ = ∂ 2 1 +∂ 2 2 +...+∂ 2 n is the Laplacian, m > 0, s ∈ R is a fixed cnnstant, and V (t) is a potential; a multiplication operator of real valued function V (t, x) defined later. We use notations p = −i∇ = −i(∂ 1 , ∂ 2 , ..., ∂ n ) i.e., −∆ = p 2 . Let H(t) = p 2θ /(2m) + V (t) and call energy in t. We say a family of unitary operators {U (t, s)} (t,s)∈R 2 a propagator for H(t) if each component satisfies
In this paper, we state the following assumptions on the potential;
Suppose that for all u ∈ H θ (R n ), there exist positive constants C H > 0 and C > 0 such that
holds. Moreover, assume that the propagator U (t, s) uniquely exists and that for all t ∈ R, U (t, s) satisfies
In order to obtain energy stableness, we further state the following two conditions;
Remark 4. If the potential is independent of the time, the assumption 1 admits Coulomb type potential, that is, V = C H,n |x| −2θ 0 , where 0 < θ 0 < θ and C H,n > 0 depends only on the dimension n ∈ N, see e.g. Secchi-Smets-Willem [3] since we can obtain the unique existence of the propagator U (t, s) = e −i(t−s)H with H = p θ /(2m) + V by using the Stone's theorem and self-adjointness of H. On the other hand, in the case where potential depends on time, it seems difficult to include singular potentials such as Coulomb type potential in Assumption 1 because of (2). For θ = 1 the unique existence of the propagator is guaranteed by Yajima [4] even if the potential depends on time and has singularities. If V is bounded, then we can easily prove the unique existence of U (t, s).
Remark 5. As an example, we consider the potential written as the form
for some constant C > 0 and some θ 0 > θ then V satisfies Assumption 1. For θ = 1, such a potential appears for Schrödinger equations with time-decaying electric fields, see e.g., Adachi-Fujiwara-Ishida [1] . What we emphasize here is we do not need to assume that |c(t)| → 0 as |t| → ∞.
Under the assumption 1, we have the following Theorem;
where· stands for the Fourier transform. If we assume Assumption 1 and 2. Then for any t ∈ R there exists a t−independent constantã > 0 such that
holds. On the other hand, if we assume Assumption 1 and 3. Then for any t ∈ R there exists a t−independent constantR > 0 such that
holds. Hence if we assume Assumption 1, 2 and 3, then for any t ∈ R there exist t−independent constantsã > 0 andR > 0 such that
holds.
As the corollary, we can obtain the following energy stableness property;
Theorem 7 (Energy stableness). Let φ(s) ∈ H θ (R n ) satisfies
for some constants 0 < a 1 < R 1 . Assume Assumption 1, 2 and 3. Then for any t ∈ R, there exist t-independent constants 0 <ã 1 <R 1 such that
Corollary 8 (Uniformly stableness in H θ (R n )). Suppose φ(s) ∈ H θ (R n ).
If we assume Assumption 1 and 2. Then for any t ∈ R there exists a t−independent constant c m > 0 such that
holds. If we assume Assumption 1 and 3. Then for any t ∈ R there exists a t−independent constant c M > 0 such that
holds
As an application of this theorem, we shall introduce the Sobolev type inequality;
Corollary 9. Under the assumption 1 and 3, for all 0 ≤ γ ≤ θ and φ(s) ∈ H γ (R n ), there exists a constant c > 0 such that
and c does not depend on t.
For θ = 1, energy stableness property can be proven for the case where
is periodic in time, respectively. However, in the assumption 1, we do not assume these conditions, and the energy stableness under Assumption 1 -3 has not been seen yet, as far as we know. For such potentials, linear scattering theory (in particular asymptotic completeness), Strchartz estimates (see, e.g., Naibo-Stefanov [2] ) and global well-posedness in L ∞ for NLS, also have not been proven yet, as far as we know. The energy stableness and Sobolev inequality may be applicable to such studies.
Proof of Theorem
In this section, we shall prove Theorem 6, Corollary 8 and 9. For simplicity, we assume that · 2 denotes · L 2 (R n ) and (·, ·) denotes (·, ·) L 2 (R n ) .
Define F (t) as
where u(t) = U (t, s)φ(s). Then, by the assumption (1) (Hardy type inequality), there exists C H > 0 such that
Here, by the simple calculation, we have
where [·, ·] stands for the commutator of operators. On the other hand,
Hence we have
If we assume Assumption 2, we notice that there exists a positive constant C > 0 such that
which implies (4) holds. On the other hand, if we assume Assumption 3, then we have
which implies (5) holds. Inequalities (6) and (7) also hold by (9) and (1). Theorem 7 can be immediately proven by using following inequalities
and (3). Finally, we prove Corollary 9. By interpolating the followings ≤ C 1 ,
we get for some 0 ≤ γ 0 ≤ θ and (t, s)−independent constant C γ 0 > 0,
where · = (1 + · 2 ) 1/2 , C 0 > 0 and C 1 > 0 are (t, s)−independent constants and B(L 2 (R n )) stands for the operator norm on L 2 (R n ). That provides for a pair (p, γ) with 1/p + γ/n = 1/2,
and which is the desired result, where we use the Gagliardo-Nirenberg inequality.
